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Fundamentals of Signals and Systems
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Fundamentals of Signals and Systems (cont.)
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Fundamentals of Signals and Systems (cont.)
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Classification of signals

•



Classification of signals (cont.)

• x[n] x(t)
x[n] = x(nTs) = x(t)|t=nTs, n = −∞, · · · , 0, · · · ,∞

• x(t) x[n]
•



Classification of signals (cont.)



Classification of signals (cont.)

• x(t) x(−t) = x∗(t)
x(t) = a(t) + jb(t) j =

√−1 a(t) b(t)

{
x∗(t) = a(t) − jb(t)
x(−t) = a(−t) + jb(−t)

• �{x(t)} �{x(t)} x(t)



Classification of signals (cont.)

CT signal: x(t) = x(t + Tp), ∀t x(t)

• Tp

• fp = 1/Tp

• ωp = 2πfp = 2π/Tp

DT signal: x[n] = x[n + Np], ∀n x[n]

• Np Np > 0 (Np)
• Np n
• Fp = 1/Np

• Ωp = 2πFp n
Ωp

Note:
Condition for DT signals to be periodic:

• x[n] = x(nTs)



Classification of signals (cont.)



Classification of signals (cont.)



Classification of signals (cont.)
x[n] = A cos(2πFpn + θ) x[n]

x(t) = sin2(20πt)



Classification of signals (cont.)
• x(t) t = nTs Ts = 1

4π →

• x(t) t = nTs Ts = 1
40 →



Classification of signals (cont.)

x1(t) x2(t) T1

T2 x(t) = x1(t) + x2(t)

x1(t) = cos(πt/2), x2(t) = cos(πt/3), x1(t) + x2(t)



Classification of signals (cont.)

{
x1[n] = x1[n + N1]
x2[n] = x2[n + N2]

x1[n] + x2[n] = x1[n + Nsum] + x2[n + Nsum],∀n



Classification of signals (cont.)

• x(t)

E =
∫ ∞

−∞
x2(t)dt

P = lim
T→∞

1
T

∫ T/2

−T/2

x2(t)dt −

P =
1
T

∫ T/2

−T/2

x2(t)dt −



Classification of signals (cont.)
• x[n]

E =
∞∑

n=−∞
x2[n]

P = lim
N→∞

1
2N + 1

N∑
n=−N

x2[n] −

P =
1
N

N−1∑
n=0

x2[n] −

• 0 < E < ∞
• 0 < P < ∞





Basic operations on signals

y(t) = cx(t) y[n] = cx[n] c > 1 :

c < 1 :

y(t) = x1(t) + x2(t) y[n] = x1[n] + x2[n]

y(t) = x1(t)x2(t) y[n] = x1[n]x2[n]

y(t) = d
dtx(t)

y(t) =
∫ t

−∞ x(τ)dτ

y(t) = x(at) y[n] = x[kn]{
a > 1 :

a < 1 :
k > 0

y(t) = x(−t) y[n] = x[−n]

y(t) = x(t − t0) y[n] = x[n − n0]{
t0 > 0 :

t0 < 0 :

{
n0 > 0 :

n0 < 0 :

y(t) = x(at − t0) y[n] = x[kn − n0]



Elementary signals

x(t) = Beat a,B x[n] = Brn⎧⎪⎨
⎪⎩

a < 0 :
a > 0 :
a = 0 :

⎧⎪⎨
⎪⎩

0 < r < 1 :
r > 1 :
r = 1 :

x(t) = A cos(ωt + φ) x[n] = A cos(Ωn + φ)



Elementary signals (cont.)

• x[n]
• ΩN = 2πm m Ω = 2πm

N x[n]
x[n + N ] = x[n]

• Ω N ΩN

n

x1[n] = sin
(
2π
21n

)
x2[n] =

√
3 cos

(
4π
7 n

)
y[n] = x1[n] + x2[n]



Elementary signals (cont.)

ejθ = cos(θ) + j sin θ. B = Aejφ

Bejωt = Aejφejωt = Aej(ωt+φ)

= A cos(ωt + φ) + jA sin(ωt + φ)

{
A cos(ωt + φ) = �{Bejωt}
A sin(ωt + φ) = �{Bejωt}



Elementary signals (cont.)

x(t) = Ae−αt sin(ωt + φ), α > 0

x[n] = Brn sin(Ωn + φ), 0 < r < 1



Elementary signals (cont.)

u(t) =
{

1, t > 0
0, t < 0

u[n] =
{

1, n ≥ 0
0, n < 0

u(0) u[0] = 1



Elementary signals (cont.)
u(t) u[n]

x(t) =
{

A, 0 ≤ |t| ≤ 0.5
0, |t| > 0.5

x(t) u(t)

x(t) = Au(t + 1/2) − Au(t − 1/2)

x[n] =
{

1, 0 ≤ n ≤ 9
0, o.w.

x[n] u[n]

x[n] = u[n] − u[n − 10]



Elementary signals (cont.)



Elementary signals (cont.)

δ(t) =

{
0, t 
= 0∫ ∞
−∞ δ(t)dt =

∫ 0+

0− δ(t)dt = 1
δ[n] =

{
1, n = 0
0, n 
= 0

•
Δ→0

 xΔ(t)         Δ   
1/Δ   δ(t) = lim ΔxΔ(t)

• δ(−t) = δ(t)
• ∫ ∞

−∞ x(t)δ(t − t0)dt = x(t0)
• δ(t) = d

dtu(t) ⇒ u(t) =
∫ t

−∞ δ(τ)dτ

• δ(at) = 1
aδ(t), a > 0

• ∫ ∞
−∞ x(t) d

dtδ(t − t0)dt = d
dtx(t)|t=t0 

• ∫ ∞
−∞ x(t) dn

dtnδ(t − t0)dt = dn

dtnx(t)|t=t0



Elementary signals (cont.)



Elementary signals (cont.)

r(t) =
{

t, t ≥ 0
0, t < 0

=
∫ t

−∞
u(τ)dτ =

∫ t

0

1dτ = tu(t)

r[n] =
{

n, n ≥ 0
0, n < 0



System properties/characteristics

H x(t) H−→ y(t)
x(t) y(t)

⇒



System properties/characteristics (cont.)
y(t) = eatx(t) a > 0

y[n] =
∞∑

k=0

ρkx[n − k]



System properties/characteristics (cont.)

•
•

y(t) = 5x(t) +
∫ t

−∞
x(τ)dτ

y[n] =
n+5∑

m=n−5

x[m]

y[n] = x[n] + x2[n]



System properties/characteristics (cont.)

•

•
⇒

⇒

y(t) = H(x(t))

x(t − t0)
H−→ y(t − t0)

x[n − n0]
H−→ y[n − n0]



System properties/characteristics (cont.)
E: Is system y[n] = rnx[n] time invariant?

• y(t) = eatx2(t):

• y[n] = u[n]x[n]:



System properties/characteristics (cont.)

x1(t)
H−→ y1(t) x2(t)

H−→ y2(t)
ax1(t) + bx2(t)

H−→ ay1(t) + by2(t)

•
•

• dx(t)
dt

H−→ dy(t)
dt

• ∫ t

−∞ x(τ)dτ
H−→ ∫ t

−∞ y(τ)dτ

•
n∑

m=−∞
x[m] H−→

n∑
m=−∞

y[m]



System properties/characteristics (cont.)

• y[n] = nx[n − 3]

• y(t) = 5x(t + t0)

• y(t) = |x(t)|



Basics of Matlab

•
•
•

• · · ·

• t = p p p = sin(2 ∗ pi ∗ 0.3) t = p

•

t = 0 : 0.001 : 1; % Ts = 0.001s

x = sin(2 ∗ pi ∗ t); % x . ′ sin(2 pi t)′



Basics of Matlab (cont.)

• (·)′ A = [1; 1+j0.7] 2 × 1
B = A′ 1 × 2 B = [1 1−j0.7]

• (·).′
• .∗ A = [1 2; 3 4] B = [4 5; 6 7]

C1 = A. ∗ B C1 = [4 10; 18 28]
• ∗ C2 = A ∗ B

C2 = [16 19; 36 43]
• ./ /

A = [1 2 3] B = [2 2 4] C = A/B C = A./B
C = [0.2 1 0.75]

• (·) ∧ n n (·). ∧ n n
A = 1.4142 B = A ∧ 2 B = 2 A = [1.4142 1.7321] B = A ∧ 2

B = A. ∧ 2 B = [2 3]



 Time-Domain Representation of LTISystems 

• System H is a linear time-invariant (LTI) system.

• How to analyze a system. Given an input, find system output.

• Impulse response of an LTI system H:



Convolution sum

x(t) = δ(t) H−→ y(t) = h(t)

x[n] = δ[n] H−→ y[n] = h[n]

where h(t) (CT) and h[n] (DT) are the system impulse
responses.


 h(t) or h[n] completely characterizes an LTI system.

 By knowing h(t) or h[n], system output can be obtained for an

arbitrary input signal x(t) or x[n].

 How is y(t)/y[n] related to x(t)/x[n] and h(t)/h[n]?



Convolution sum (cont.)

We will start with DT systems, and then analyze CT systems.

• Any signal x[n] can be expressed as a sum of time-shifted impulses as
(shown graphically next slide)



Convolution sum (cont.)



Convolution sum (cont.)

• Convolution sum: x[n] ∗ h[n] =
∞∑

k=−∞
x[k]h[n − k]

• Properties of convolution


 x[n] ∗ h[n] = h[n] ∗ x[n]

 δ[n] ∗ h[n] = h[n]

 δ[n − k] ∗ h[n] = h[n − k]

E: A system with input-output relationship as

y[n] = x[n] + (1/2)x[n − 1]

a) System impulse response?
b) Find y[n] for

x[n] =

⎧⎪⎪⎨
⎪⎪⎩

2, n = 0
4, n = 1
−2, n = 2
0, o.w.



Convolution sum (cont.)



Convolution sum evaluation procedure
Let wn[k] = x[k]h[n − k]. Then y[n] is expressed as

y[n] = x[n] ∗ h[n] =
∞∑

k=−∞
wn[k]

1. Graph both x[k] and h[k]

2. Time reversal h[k] −→ h[−k]

3. Time shift h[−k] by n shifts −→ h[n − k] (left shift)

4. For a specific n, form product x[k]h[n − k]

5. Sum all samples of x[k]h[n − k] −→

y[n] =
∞∑

k=−∞
x[k]h[n − k]



Convolution sum evaluation procedure (cont.)

Graphical illustration of the convolution sum: (a) LTI system with
impulse response h[n] and input x[n].

The decomposition of the input x[n] into a weighted sum of
time-shifted impulses results in an output y[n] given by a
weighted sum of time-shifted impulse responses next slide.



Convolution sum evaluation procedure (cont.)



Convolution sum evaluation procedure (cont.)

E: x[n] = δ[n] + δ[n − 1] + δ[n − 2] is applied to an LTI system
with impulse response
h[n] = 4δ[n] + 3δ[n − 1] + 2δ[n − 2] + δ[n − 3]. Find y[n].

y[n] = x[n] ∗ h[n]

Exercise:

• Verify this the results using Matlab.

x = [1 1 1];

h = [4 3 2 1];

y = conv(x, h);



Convolution sum evaluation procedure (cont.)



Convolution sum evaluation procedure (cont.)



Convolution integral

• For CT case.

• Recall DT case:

x[n] =
∞∑

k=−∞
x[k]δ[n − k]

Note: Weighed SUM of time-shifted impulses. Similarly,

x(t) =
∫ ∞

−∞
x(τ)δ(t − τ)dτ

Note: Weighted superposition of time-shifted impulses.

x(t) H−→ y(t)



Convolution integral (cont.)

y(t) = H
{∫ ∞

−∞
x(τ)δ(t − τ)dτ

}
linear operators

=
∫ ∞

−∞
x(τ)H{δ(t − τ)} dτ

δ(t − τ) H−→ h(t − τ)
Thus,

y(t) = x(t) ∗ h(t) =
∫ ∞

−∞
x(τ)h(t − τ)dτ

Note:


 x(t) ∗ h(t) = h(t) ∗ x(t)

 δ(t) ∗ h(t) = h(t)

 δ(t − t0) ∗ h(t) = h(t − t0)



Convolution integral evaluation procedure

1. Graph x(t) and h(t)

2. Time reverse h(τ) ⇒ h(−τ)

3. Time shift h(−τ) by t ⇒ h(t − τ)

4. For a specific value of t, form product x(τ)h(t − τ)

5. Integrate x(τ)h(t − τ) =⇒

y(t) =
∫ ∞

−∞
x(τ)h(t − τ)dτ



Convolution integral evaluation procedure (cont.)

x(t) = u(t − 1) − u(t − 3)
h(t)=u(t)−u(t−2)−→ y(t) = ??



Convolution integral evaluation procedure (cont.)

E: RADAR range measurement: RADAR-Radio Detection And
Ranging:

Tx: x(t) =
{

sin(wct), 0 ≤ t ≤ T0

0, o.w.

Typically,
h(t) = αδ(t − β), β > 0

y(t) = x(t) ∗ h(t) =
∫ ∞

−∞
x(τ)h(t − τ)dτ



Convolution integral evaluation procedure (cont.)









Interconnection of LTI systems
Given:

h1(t)
H1−→

... ...
hN(t)

HN−→

⎫⎪⎬
⎪⎭ =⇒ form a bigger system H−→

Question: How is h(t) related to h1(t) · · ·hN(t)?

• Parallel Connection



21

Interconnection of LTI systems (cont.)


 Distribution property of convolution process:



Interconnection of LTI systems (cont.)

• Cascade Connection



Interconnection of LTI systems (cont.)
Let η = τ − ν, dη = dτ (for fixed ν). Then,



Interconnection of LTI systems (cont.)

• Associative Property (Same for DT)

• Commutative Property (Same for DT

E: Example 2.11, p130: See figure below. Find the impulse response h[n] of
the overall system.
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Interconnection of LTI systems (cont.)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

h1[n] = u[n]
h2[n] = u[n + 2] − u[n]
h3[n] = δ[n − 2]
h4[n] = αnu[n]



ECE352 26

Interconnection of LTI systems (cont.)

2

E: An interconnection of LTI system is depicted in the figure below. h1[n] =
(1)nu[n + 2], h2[n] = δ[n], and h3[n] = u[n − 1]. Find the
impulse response h[n] of the overall system.



LTI SYSTEM PROPERTIES & IMPULSE RESPONSE

System properties (Chapter1)

• Stability (BIBO)
• Memory   (depend on current

input only)
• Causality (does not depend

on future inputs)
• Linearity
• Time invariance LTI

Memoryless, LTI

Memoryless,
Stable, LTI

For LTI systems:

][
)(

nh
th Completely determine

Input-output behaviors

Thus, stability, memory, causality are related to h(t)/h[n].



a). If an LTI system is MEMORYLESS
iff

)()(
][][

ch
kckh

Proof:



b) If an LTI system is CAUSAL: 0for    0)(  :CT
0for    0][  :DT

h
kkh

Proof:



c) If an LTI system is  BIBO STABLE:

)h(

][

-
d

kh
k

Proof:



E First-order autoregressive system

0for0][  with ],[]1[][ nnhnxnyny



STEP RESPONSE:

)(          )(
][][

tytx
nyHnx

LTI

Step response: if 
n

k
khnsnynunx ][][][][][

Proof:



??][][][][ nynunhnu n 1



DIFFERENTIAL & DIFFERENCE EQUATION 
REPRESENTATIONS OF LTI SYSTEMS

)()(
00

tx
dt
dbty

dt
da

M

k
k

k

k

N

k
k

k

k

Input-output relation can be described as

CT

DT ][][
00

knxbknya
M

k
k

N

k
k

Linear constant-coefficient
differential equation.

Linear constant-coefficient
difference equation.

][          ][
)()(

nynx
tyHtx

constantskk ba ,

• Order of differential/difference equation: (N,M)
• Often n M, and order is described using N only



E

)(tx )(ty
R L

)()()()(1

)()(1)()(

2

2

tx
dt
dty

dt
dLty

dt
dRty

c

txdy
c

ty
dt
dLtRy

t
differentiates both sides

Describe the following RLC circuit by a differential equation.

C



E 2nd-order difference equation

)2,1(),(
)4/1,1,1(),,(

]1[2][]2[
4
1]1[][

10

210

bb
aaa

nxnxnynyny

y[n] can be evaluated recursively:



Need y[-2], y[-1]: Initial conditions. x[-1] depends on input applied.

For example, if                                                              , then2]2[,1]1[],[][ 2
1 yynunx n

4
31)1(

4
1

2
112

2
1]1[

2
1)2(

4
11021]0[

y

y



SOLVING DIFFERENTIAL AND
DIFFEENCE EQUATIONS

Just a review, rather than in depth:

Solution forms:   Homogeneous   Particular

CT

DT

    )(         )()( )()( tytyty ph

    ][         ][][ )()( nynyny ph

Complete Solution

Natural response Forced response

Input signal 0][or  )( nxtx Initial rest

Depends on initial condition! Depends on input signal!



GENERAL CASE

CT system: )()( ty h is the solution of the homogeneous equation:

0)()(

0
ty

dt
da h

N

k
k

k

k

The homogeneous solution is of the form:

where ri are the N roots of the system’s characteristic equation

0
0

k
N

k
k ra

N

i

tr
i

h iecty
1

)( )(

Note: ci: to be determined (later) so that the complete solutions satisfy the initial conditions.



DT system:

n
i

N

i
i

h rcny
1

)( ][

0
0

kN
N

k
k ra

][)( ny h is the solution of the homogeneous equation:

0][)(

0
knya h

N

k
k

The homogeneous solution is of the form:

where ri are the N roots of the system’s characteristic equation

Note:
• ci: same as CT case.
• CT and DT characteristic equations are different.



• Homogeneous equation:

• Characteristic equation:

• Solution of homogeneous equation:

0]1[
4
1][ nyny (set x[n]=0)

0
0

kN
N

k
k ra

nh cny )
4
1(][ 1

)(

c1: to be determined so that the complete solutions satisfy the 
initial conditions.

Example



Continuous time Discrete time 
Input Particular solution Input Particular solution
1 c 1 c
t c1t+c2 n c1n+c2
e-at c e-at n c n

cos( t+ ) c1cos( t+ )+ c2 sin( t+ ) cos( n+ ) c1cos( n+ )+ c2 sin( n+ )

 INPUT~ PARTICULAR FORM

• A particular solution is assumed independent of the   homogeneous solution

• Usually obtained assuming that output has the same form as input signals.

• The form of the particular solution associated with common inputs are
summarized in the following table.



Assume a particular solution of the form

n
p

p cny )
2
1(][)(

Example

(for input in the form of nu[n])



Complete solution:

0for)
4
1()

2
1(2][][][ 1

)()( ncnynyny nnph

c1 is obtained from the initial condition.

0for,
4
1

2
12][

1233]0[
2

11

nny

ccy
n

For a general 1st-order difference equation given as 

Assuming initial condition y[-1] and causal x[n]

0][]1[][ nnbxnayny

)0for0][( nnx



• CT Case (also 1st-order only)

)()()( tbxtay
dt

tdy

** Solution: 0)()0()(
0

)( tdbxeyety
t taat

][)(]1[)(][
0

1 ibxayany
inn

i

n

natural response forced response

* Solution:

(Compare * and **!)

natural response forced response (x(t) causal)



FOURIER REPRESENTATION OF SIGNALS & LTI SYSTEMS

CT:   f cycle/second (Hz)    DT:    F cycles/sample
rads/s                  rads/sample

• Basic signals as weighted superposition of impulses

f2 F2

k

nh
LTI

k
knhkxnhnxnyknkxnx ][][][*][][][][][ ][

superposition
weight delay (LTI property)

dthxthtxtydtxtx th
LTI

)()()(*)()()()( )(



• Time-domain waveform represents how fast signal changes.
Signals in terms different frequency components or
weighted superpositions of complex sinusoids.

CT: X(f) or X( )
DT: X[k]

Why signals represented as weighted superpositions of
complex sinusoids?

DT: ][][][ nynhnx

k
knxkhny ][][][



k

kjj ekheH ][)( ~ related to h[k]

Note:
a).              is NOT a function of n, only a function of     .

Is called the frequency response.
b). System modifies the amplitude of input by               . 

: magnitude response.
c). System introduces a phase lag               .

(the book uses                         )

)( jeH
)( jeH

)( jeH
)( jeH

)( jeH
)(arg jeH

jjj eeHeH )()( )( jeH

dehjH j)()(

)             ()(         

)()()(
tj

tjtj

ejH

ejHtyetx
)( jeH

CT:

with



E Example

)(tx

R

C )(ty
+

-

Impulse response: )(1)( tue
RC

th RC
t

Find frequency response.



Solution:

• Magnitude response:

• Phase response:



tje : eigenfunction of the LTI system (eigen value                     ))( jH

)( tjtj eeH

Now, if the input to an LTI system is expressed as a weighted sum of 
M complex sinusoids:

,)(
1

tj
M

k
k

keatx

tj
k

M

k
k

kejHaty )()(
1

then

1

2
1

RC
1

RC
1 RC

1
RC
1

4

2

0

)(arg jeH )( jH)( jH



Fourier representations of four classes of signals

Time 
property Periodic Nonperiodic

Continuous
time
(t)

• Fourier Series (FS) • Fourier Transform (FT)

Discrete
time
[n]

• Discrete-Time Fourier
Series (DTFS)

• Discrete-Time Fourier
Transform (DTFT)

T
ekXtx

k

tjk 2 ,][)( 0
0

,)(1][
0

0 dtetx
T

kX
T tjk

(T: period)

N
ekXnx

njkN

k

2 ,][][ 0

1

0

0

1

0

0][1][
N

n

njkenx
N

kX
(T: period)

dejXtx tj)(
2
1)(

dtetxjX tj)()(

deeXnx njj )(
2
1][

nj

n

j enxeX ][)(



DTFS: x[n] periodic with period N, fundamental freq. 
DTFS coefficients of x[n]: X[k]. Then

N20

1

0

1

0

0

0

][1][

][][

N

n

njk

N

k

njk

enx
N

kX

ekXnx

Freq-domain representation of x[n]

x[n] and X[k] are a DTFS pair: ][][ 0; kXnx DTFS

Note: a). Either x[n] or X[k] provides a complete description  
of the signal.

b). The limits on sums of x[n] or X[k] may be chosen 
differently from 0 to N-1.



E Find the freq-domain representation of x[n] given

Solution:

522

5

0 N

N (Period)

(Fundamental frequency)

5432

1

123

4

5

1

2
1

2
12

1

period

period



Solution:



E

Find DTFS coefficients X[k] of periodic signal x[n]

54321012345

1

2

][nx

N



Solution:



E x[n] cos( n 3 ),    Find X[k].



E )8312sin(1][ nnx



E

DTFS of an Impulse train:
l

lNnnx ][

N1N210

E DTFS of a square signal:

MNnM
MnM

nx
    ,0
    ,1

][

8
2

 Example
N
M

54210 312

period

Solution:



Solution:



E One period of DTFS coefficients

10 assuming ][ Determine

90  ,
2
1][

Nnx

kkX
k

Solution:



F.S. (CT, periodic).  x(t): fundamental period T
fundamental frequency 

T20

T tjk

k

tjk

dtetx
T

kX

ekXtx

0
0

0

)(1][

(*)][)(

][)( 0; kXtx FS
x(t) and X[k] are an FS pair:

FS coefficients X[k] are a freq-domain representation of x(t).



E x(t) given as 

)( tx

1

2 42 t
••••••

te 2

Solution:
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e
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dte
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T

T
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T
kX
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tkj

tkj

ktjt

T tjk

24
1

1
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1
0
2

)2(2
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2
1
2
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2
2

    where)(1][
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)2(

2
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1
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E Determine X[k] of 

Solution:
l

lttx )4()(

22 44 0

T



E
42

cos3)( ttx Find X[k]

Solution:

FS coefficients by inspection.

k

tjk

k

tjk

ekX

ekXtx

2/][

][)( 0



E x(t) 2sin(2 t 3 sin(6 t).   Find X[k]

Solution:
k

tjkekXtx 0][)(



E Inverse FS.

)( Find  .  ],3[2]3[2]2[]2[][ 0 txkkkjkjkX

)3cos(4)2sin(2
22

][)(
3322

0

tt
eejeje

ekXtx
tjtjtjtj

k

tjk
Solution:



E FS of a square wave. 

0T0T T0TT
0TTT

••• •••
0

)(tx

Period is T, so T20

Solution:





DTFT D.T., nonperiodic

)(][   

][)(

)(
2
1][

jDTFT

nj

n

j

njj

eXnx

enxeX

deeXnx
DTFT of signal x[n], also
Freq-domain representation 
of x[n].

)(][)( 22( jnjnj

n

j eXeenxeX



E

Solution:

?)(   ,][][ jn eXnunx



E  rectangular pulse 

   ?)(          ,0
   ,1

][ jeXMn
Mn

nx

Solution:



E Inverse DTFT of a rectangular spectrum, Example 3.19, p234

W
W

eX j

,0
,1

)( inperiodic
),(overdefinedis)( jeX

Solution:



E DTFT of unit impulse    ][][ nnx

• What about inverse DTFT of a unit impulse spectrum?

period)oneonly(defined],[)( jeX

Solution:

Solution:



E
..    ,0

         90  ,2
][

wo
?)X(en

nx
jn

Solution:



E X(ej 2cos(2 ),   x[n] ?
22)( jjj eeeXUse inspection!



FT C.T., nonperiodic signals

dtetxjX

dtejXtx

tj

tj

)(
2
1)(

)()( jXtx FT



E )(Find).()( jXtuetx at

dtetxjX tj)()(

Solution:
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e
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tjat

1

1

)()(
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)(
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E Rectangular pulse:

0

00

||,0
,1

)(
Tt

TtT
tx

Solution:





E Inverse FT of a rectangular spectrum:

W
W

jX
||,0
||,1

)(



E Unit impulse: )()( ttx

E Inverse FT of an impulse spectrum: )(2)( jX



PROPERTIES OF FOURIER REPRESENTATIONS
Time 

property
Periodic

(t,n)
Nonperiodic

(t,n)

C.T.
(t)

• Fourier Series (FS) • Four Transform (FT)

D.T.
[n]

• Discrete-Time Fourier
Series (DTFS)

• Discrete-Time Fourier
Transform (DTFT)

T
ekXtx

k

tjk 2 ,][)( 0
0

,)(1][
0

0 dtetx
T

kX
T tjk

(T: period)

N
ekXnx

njkN

k

2 ,][][ 0

1

0

0

1

0

0][1][
N

n

njkenx
N

kX
(N: period)

dejXtx tj)(
2
1)(

dtetxjX tj)()(

deeXnx njj )(
2
1][

nj

n

j enxeX ][)(

Non-
periodic

(k, )

Periodic

(k, )

Freq.
property

Discrete
[k]

Continuous
(



• Linearity and symmetry

][][][][][][

][][][
][][][)()()(

)()()(

0

0

;

;

kbYkaXkZnbynaxnz
ebYeaXeZnbynaxnz

kbYkaXkZtbytaxtz
jbYjaXjZtbytaxtz

DTFS

jjjDTFT

FS

FT

E Example 3.30, p255:

)(
2
1)(

2
3)( tytxtz

Find the frequency-domain 
representation of z(t).

Which type of freq.-domain representation?

• FT, FS, DTFT, DTFS ?



Solution:



Symmetry:

We will develop using continuous, non-periodic signals. Results for 
other 2 cases may be obtained in a similar way.
a) Assume )()( real )( * txtxtx

symmetric conjugate is )( real is )( If jXtx

Proof:



real.is)(evenandrealis)(If jXtx

Proof:



imaginary.purelyis)(oddandrealis)(If jXtx

Proof:



symmetryevenhas)(ofpartImaginary
symmetryoddhas)(ofpartReal

imaginarypurelyis)(If

jX
jX

tx



)()()()()()( jHjXjYthtxty FT

• Convolution: Applied to non-periodic signals.

Proof:



E

)(output  system  theFind    ).2sin()(
response impulse with system a input to be   )sin()(Let      

1

1

tytth
ttx

t

t

Solution:



E ).( Find       ).(sin)()( 24
2 txjXtx FT

Solution:



The same convolution properties hold for discrete-time, non-periodic signals.

)()()(][][][ jjjDTFT eHeXeYnhnxny



• Differentiation and integration:

– Applicable to continuous functions: time (t) or frequency ( or )
– FT (t, ) and DFTF ( )

Differentiation in time: )()( jXjtx
dt
d FT

Proof:



E Find FT of 0,)( atue
dt
d at

Solution:



E Find x(t) if
1||,0
1||,

)(
j

jX

Solution:



If x(t) is periodic, frequency-domain representation is Fourier Series (FS):

][)( 0
; 0 kXjktx

dt
d FS

tjk

k
ekXtx 0][)(



Differentiation in frequency:

)()( jX
d
dtjtx FT

Proof:



E

FT. its Find  .
2
1)(    :asgiven  is pulseGaussian A 2

2t

etg

Solution:



Integration:

)()0()(1)( jXjX
j

dx FTt

E Determine the Fourier transform of u(t).

Solution:



E  Find x(t), given

)(
)1(

1)( j
jj

jX

Solution:



E

2
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2
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2

2

2
2)(2

2
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2
1)(

?)(       .)(2)(

j
jtute

dt
d

j
tute

j
tue

jXtute
dt
dtx

FTt

FTt

FTt

t

)()( jX
d
dtjtx FT

)()( jXjtx
dt
d FT



• Time and frequency shift

Time shift: )()( 0 jXejZ tj

Note: Time shift phase shift in frequency domain. Phase shift is a 
linear function of Magnitude spectrum does not change.

Proof:



][][
)(][

][)(
)()(

00

0

00

0

;
0

0

;
0

0

kXennx
eXennx
kXettx

jXettx

njkDTFS

jnjDTFT

tjkFS

tjFT

E Find Z(j )

)sin(2)()(

)sin(2)()(

)()(

0

0

1

1 TejZtz

TjXtx

Ttxtz

TjFT

FT



E )(Find.
)2(

)( 2

4

tx
j

ejX
j

Solution:



Frequency shift:

)())((
)()(

txejX
jXtx

tjFT

FT

Proof:



Note:
– Frequency shift time signal multiplied by a complex sinusoid.
– Carrier modulation.
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0
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;
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kkXnxe
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DTFSnjk
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Solution:



E ).(Find.)2()()( 3 jXtuetue
dt
dtx tt

Solution:



• Multiplication

)()()()()()( 2
1 jZjXjYtztxty FT

CT, non-periodic

DT, non-periodic

)()()(][][][ 2
1 jjjDTFT eZeXeYnznxny *

Periodic convolution: deZeXeZeX jjjj )()()( *

CT, periodic
][][][)()()( /2; kZkXkYtztxty TFS

1

0

/2;

][][][][

][][][][][][
N

m

NDTFS

mkZmXkZkX

kZkXkYnznxny

*

*

DT, periodic



• Scaling ))/(()( ||
1 ajXatx a

Proof:
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t
t
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Find )( jY

Solution:



j
jStuets FTt

1
1)()()( know We

– Time scaling:

– Time shift:

–Differentiation: )3/(1
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)3/(1
))2(3(3)2(3)(
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• Parseval’s relationship:

:)( signal periodic-non CT, ofEnergy tx

djXjX

ddtetxjX

dtdejXtxW

dejXtx
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tj
x

tj

)()(
2
1

)()(
2
1

)(
2
1)(

)(
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1)( dttxtx
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2

djXdttxWx
22 |)(|

2
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domain freq.in energy  domain  in timeEnergy b)
spectrumenergy   :|)(| a) :Note 2jX
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• Time-bandwidth product
Compression in time domain expansion in frequency domain

Bandwidth: The extent of the signal’s significant contents. It is in 
general a vague definition as “significant” is not mathematically defined. 
In practice, definitions of bandwidth include

– absolute bandwidth
– x% bandwidth
– first-null bandwidth.

If we define

 thenbandwidth,RMS:
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)(

signalenergyanofdurationRMS:
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• Duality
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