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Linear Classifier and the Perceptron Algorithm

• 𝑓 𝒙 = 𝜎 𝒘⊤𝒙 + 𝑏

• 𝜎: Sigmoid function:𝜎 𝑥 =
1

1+𝑒−𝑥

• The connection to logistic regression:
• Assume binomial distribution with 

parameter Ƹ𝑝

• Assume the logit transform is linear:

log
Ƹ𝑝

1 − Ƹ𝑝
= 𝒘⊤𝒙 + 𝑏

⇒ Ƹ𝑝 = 𝜎(𝑓 𝒙 )



Maximum Log-Likelihood

• MLE of the binomial likelihood:

• where 𝑦𝑖
∗ ∈ 0,1 , if 𝑦𝑖 ∈ {−1,1}, then 𝑦𝑖

∗ =
1+𝑦𝑖

2



𝑖=1

𝑛

yi
∗log ෝ𝑝𝑖 + 1 − 𝑦𝑖

∗ log(1 − ෝ𝑝𝑖)

log ෝ𝑝𝑖 = − log( 1 + 𝑒−𝑓 𝑥𝑖 )

log(1 − ෝ𝑝𝑖) = − log( 1 + 𝑒𝑓 𝑥𝑖 )

yi
∗log ෝ𝑝𝑖 + 1 − 𝑦𝑖

∗ log(1 − ෝ𝑝𝑖) = − log(1 + 𝑒−𝑦𝑖𝑓 𝑥𝑖 )



Gradient descent optimization

• Optimize 𝒘, 𝑏 with gradient descent

min
𝒘,𝑏



𝑖

log(1 + 𝑒−𝑦𝑖(𝒘
⊤𝒙𝑖+𝑏))

𝛻𝒘 =

𝑖

−𝑦𝑖𝑒
−𝑦𝑖(𝒘

⊤𝒙𝒊+𝑏)

1 + 𝑒−𝑦𝑖(𝒘
⊤𝒙𝒊+𝑏)

𝒙𝒊

=

𝑖

−𝑦𝑖
∗ 1 − Ƹ𝑝 𝒙𝑖 − 1 − 𝑦𝑖

∗ Ƹ𝑝 𝒙𝒊 𝒙𝑖

𝛻𝑏 =

𝑖

−𝑦𝑖𝑒
−𝑦𝑖(𝒘

⊤𝒙𝒊+𝑏)

1 + 𝑒−𝑦𝑖(𝒘
⊤𝒙𝒊+𝑏)



XOR problem and linear classifier

• 4 points: X = [(-1,-1), (-1,1), (1,-1), (1,1)]

• Y=[-1 1 1 -1]

• Try using binomial log-likelihood loss:

• Gradient:

min
𝒘



𝑖

log(1 + 𝑒−𝑦𝑖(𝒘
⊤𝒙𝑖+𝑏))

𝛻𝒘 =

𝑖

−𝑦𝑖𝑒
−𝑦𝑖(𝒘

⊤𝒙𝒊+𝑏)

1 + 𝑒−𝑦𝑖(𝒘
⊤𝒙𝒊+𝑏)

𝒙𝒊

𝛻𝑏 =

𝑖

−𝑦𝑖𝑒
−𝑦𝑖(𝒘

⊤𝒙𝒊+𝑏)

1 + 𝑒−𝑦𝑖(𝒘
⊤𝒙𝒊+𝑏)

Try 𝒘 = 0, 𝑏 = 0, 
what do you see?



With 1 hidden layer

• A hidden layer makes a nonlinear 
classifier

• g needs to be nonlinear

• Sigmoid: Sigm x = 1/(1 + 𝑒−𝑥)

• RELU: g(x) = max(0,x)

𝑓 𝑥 = 𝒘⊤𝑔 𝑾⊤𝒙 + 𝒄 + 𝑏



ReLU the (only) major improvement in DL

• ReLU vs. Sigmoid convergence rate

• ReLU is 7 times faster to converge
than Sigmoid!



Taking gradient

• What is 
𝜕𝐸

𝜕𝐖
?

• Consider chain rule: 
𝑑𝒛

𝑑𝒙
=

𝑑𝒛

𝑑𝒚

𝑑𝒚

𝑑𝒙

𝑓 𝒙 = 𝒘⊤𝑔 𝐖⊤𝒙 + 𝒄 + 𝑏

min
𝐖,𝒘

𝐸 𝑓 =

𝑖

𝐿(𝑓 𝒙𝑖 , 𝑦𝑖)



Note: Vectorized Computations



Backpropagation

• Save the gradients and the gradient products that have already been 
computed to avoid computing multiple times

• In a multiple layer network:
• (Ignore constant terms)

𝑓 𝑥

= 𝒘𝒏
⊤𝑔 𝑾𝒏−𝟏

⊤ 𝒈(𝑾𝒏−𝟐
⊤ 𝒈 … 𝑾𝟏

⊤𝒈 𝒙 )

𝜕𝐸

𝜕𝑾𝑘
=
𝜕𝐸

𝜕𝑓𝑘
𝑔 𝑓𝑘−1 𝒙

=
𝜕𝐸

𝜕𝑓𝑘+1

𝜕𝑓𝑘+1

𝜕𝑓𝑘
𝑔(𝑓𝑘−1 𝒙 )

𝑓𝑘 𝒙 = 𝒘𝑘
⊤𝑔 𝑓𝑘−1 𝒙 , 𝑓0 𝒙 = 𝒙Define:



Modules

• Each layer can be seen as a module

• Given input, return
• Output 𝑓𝑎(𝒙)

• Network gradient 
𝜕𝑓𝑎

𝜕𝒙

• Gradient of module parameters
𝜕𝑓𝑎

𝜕𝑤𝑎

• During backprop, propagate/update
• Backpropagated gradient

𝜕𝐸

𝜕𝐖𝑘
=
𝜕𝐸

𝜕𝑓𝑘
𝑔 𝑓𝑘−1 𝑥 =

𝜕𝐸

𝜕𝑓𝑘+1

𝜕𝑓𝑘+1

𝜕𝑓𝑘
𝑔(𝑓𝑘−1 𝑥 )

𝜕𝐸

𝜕𝑓𝑎
𝜕𝐸

𝜕𝑓𝑘
=

𝜕𝐸

𝜕𝑓𝑘+1

𝜕𝑓𝑘+1
𝜕𝑓𝑘

Note: 

Gradient of 
parameters

Backprop
signal

Network
gradient



Multiple Inputs and Multiple Outputs

•
𝜕𝐸

𝜕𝑓𝑘−1
=

𝜕𝐸

𝜕𝑓𝑘+1

𝜕𝑓𝑘+1

𝜕𝑓𝑘1

𝜕𝑓𝑘1
𝜕𝑓𝑘−1

+
𝜕𝐸

𝜕𝑓𝑘+1

𝜕𝑓𝑘+1

𝜕𝑓𝑘2

𝜕𝑓𝑘2
𝜕𝑓𝑘−1

𝑓𝑘−1

𝑓𝑘1 𝑓𝑘2

𝑓𝑘+1

𝜕𝐸

𝜕𝑓𝑘+1

𝜕𝑓𝑘+1
𝜕𝑓𝑘1

𝜕𝑓𝑘+1
𝜕𝑓𝑘2

𝜕𝑓𝑘1
𝜕𝑓𝑘−1

𝜕𝑓𝑘2
𝜕𝑓𝑘−1



Different DAG structures

• The backpropation algorithm would work for any DAGs

• So one can imagine different architectures than the plain layerwise
one

RNN
Residual

Inception



Loss functions
• Regression:

• Least squares 𝐿(𝑓) = 𝑓 𝑥 − 𝑦 2

• L1 loss 𝐿 𝑓 = |𝑓 𝑥 − 𝑦|

• Huber loss 𝐿 𝑓 = ൞

1

2
𝑓 𝑥 − 𝑦 2, 𝑓 𝑥 − 𝑦 < 𝛿

𝛿 𝑓 𝑥 − 𝑦 −
1

2
𝛿 , otherwise

• Binary Classification
• Hinge loss 𝐿 𝑓 = max(1 − 𝑦𝑓 𝑥 , 0)
• Binomial log-likelihood𝐿 𝑓 = ln(1 + exp(−2𝑦𝑓 𝑥 )
• Cross-entropy  𝐿 𝑓 = −𝑦∗ ln sigm 𝑓 − 1 − 𝑦∗ ln(1 − sigm 𝑓 ), 

• 𝑦∗ = 𝑦 + 1 /2



Multi-class: Softmax layer

• Multi-class logistic loss function

• Log-likelihood:
• Loss function is minus log-likelihood

− log 𝑃(𝑦 = 𝑗|𝑥) = −𝒙⊤𝒘𝑗 + log

𝑘

𝑒𝒙
⊤𝒘𝑘



Softmax Intuition

• “Soft” argmax function

• e.g. 𝒙⊤𝒘1 = 5, 𝒙⊤𝒘2 = 3
• 𝑃 𝑦 = 1 𝒙 = 88%

• 𝑃 𝑦 = 2 𝒙 = 12%

• e.g. 𝒙⊤𝒘1 = 15, 𝒙⊤𝒘2 = 10
• 𝑃 𝑦 = 1 𝒙 = 99.33%

• 𝑃 𝑦 = 2 𝒙 = 0.67%

• e.g. 𝒙⊤𝒘1 = 15, 𝒙⊤𝒘2 = 12, 𝒙⊤𝒘𝟑 = 13
• 𝑃 𝑦 = 1 𝒙 = 84.4%

• 𝑃 𝑦 = 3 𝒙 = 11.4%

• 𝑃 𝑦 = 2 𝒙 = 4.2%



Subgradients

• What if the function is non-differentiable?

• Subgradients:
• For convex 𝑓 𝑥 at 𝑥0:
• If for any 𝑦

• 𝑔 is called a subgradient

• Subdifferential: 𝜕𝑓: set of all 
subgradients

• Optimality condition: 0 ∈ 𝜕𝑓

𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔⊤(𝑦 − 𝑥)



The RELU unit

• f(x) = max(x,0)

• Convex

• Non-differentiable

• Subgradient:
𝑑𝑓

𝑑𝑥
= ቐ

1, 𝑥 > 0
0,1 , 𝑥 = 0
0, 𝑥 < 0



Subgradient descent

• Similar to gradient descent

• Step size rules:
• Constant step size: 

• Square summable: 

• Usually, a large constant that drops slowly after a long while

• e.g. 
100

100+𝑘



Universal Approximation Theorems

• Many universal approximation theorems proved in the 90s

• Simple statement: every continuous function can be approximated by 
a 1-hidden layer neural network with arbitrarily high precision



Universal Approximation Theorems

• The approximation does not need many units if the function is kinda
nice. Let 

• Then for a 1-hidden layer neural network with 𝑛 hidden nodes, we 
have for a finite ball with radius r,

𝐶𝑓 = න
𝐑𝑑

| 𝜔| | ሚ𝑓 𝜔 |𝑑𝜔

න
𝐵𝑟

𝑓 𝑥 − 𝑓𝑛 𝑥
2
𝑑𝜇(𝑥) ≤

4𝑟2𝐶𝑓
2

𝑛


